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q^. Abstract 

Recently Witten proposed to consider elliptic genus in iV = 2 superconformal field 
theory to understand the relation between N = 2 minimal models and Landau- Ginzburg 
theories. In this paper we first discuss the basic properties satisfied by elliptic genera in 
N = 2 theories. These properties are confirmed by some fundamental class of examples. 
Then we introduce a generic procedure to compute the elliptic genera of a particular 
class of orbifold theories, i.e. the ones orbifoldized by e 27riJ ° in the Neveu-Schwarz sector. 
This enables us to calculate the elliptic genera for Landau-Ginzburg orbifolds. When 
the Landau-Ginzburg orbifolds allow an interpretation as target manifolds with SU(N) 
holonomy we can compare the expressions with the ones obtained by orbifoldizing tensor 
products of iV = 2 minimal models. We also give sigma model expressions of the elliptic 
genera for manifolds of SU(N) holonomy. 
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1. Introduction 

Over the past several years considerable number of studies have been made on N = 2 
superconformal field theory (SCFT). Although the initial physical motivation was to con- 
struct space-time supersymmetric vacua of string theory, it has been gradually appreciated 
that what has been the source of continual investigations is rooted in the theory's own 
profundity. One notable manifestation of this, and which is not unrelated to the original 
motivation, is the connection of some N = 2 SCFTs to the Landau- Ginzburg models or 
mathematically to singularity theory |l[|@. Quite recently, Witten || cast a new light 
on this subject by proposing to compare elliptic genera in both theories^. It is somewhat 
curious that elliptic genera in N = 2 SCFT have been paid little attention although the 
notion of elliptic genus was introduced long before || || . 

In the present work we first spell out what ought to be satisfied by the elliptic genus 
of iV = 2 SCFT. As N = 2 superconformal algebra contains the U(l) current, the elliptic 
genus of A = 2 SCFT depends on the U(l) angle besides the modular parameter. The 
£7(1) decoupling argument implies that the elliptic genus must satisfy certain two- variable 
functional equations which play a crucial role throughout this paper. 

It is well-known that in order to construct a viable string vacuum or more generally in 
order for a N = 2 SCFT to have some sigma model interpretation we have to impose U(l) 
charge integrality || besides the condition that one-third of the Virasoro central charge 
be an integer. It is also known that this is achieved via orbifoldization by e 2ntJ ° in the 
Neveu-Schwarz sector (see for instance @). We will establish a method to compute the 
elliptic genus for such a class of orbifolds. This, in particular, enables us to compute the 
elliptic genera for Landau- Ginzburg orbifolds and to compare them with the results 
obtained by the methods in [[Kj in the case where manifold interpretation is present. We 
also give a sigma model expression of the elliptic genus directly related to the geometry of 
the target manifold. 

The organization of the paper is as follows. In Sect. 2 we summarize the fundamental 
properties of the elliptic genus of N = 2 SCFT. In Sect. 3 we give the elliptic genera of 
the N = 2 minimal models and Landau-Ginzburg models. It is seen that they enjoy the 
properties derived in Sect. 2. Sect. 4 explains how to compute the elliptic genus of the orb- 
ifold theory mentioned above. We then apply this formalism to the examples presented in 
Sect. 3. As a by-product, we can reproduce Vafa's formula || for the Euler characteristic of 

1 See also his previous work 0]. 
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Landau- Ginzburg orbifolds. Finally, in Sect. 5, we investigate the properties and examples 
of elliptic genera for theories corresponding to manifolds of SU(N) holonomy together with 
their sigma model expressions. 

Appendix A and B summarize some useful formulae to be used in the text. 



2. Elliptic genus 

We consider the Ramond sector of an N = 2 superconformal theory with central 
charge c. Let L (L ) be a Virasoro generator of left (right)-movers and Jo (Jo) be a U(l) 
charge operator of left (right)-movers. Following Witten || we define the elliptic genus 

Z(t, z) = Tr(-l) V°- c/24 ^o-c/24 y j ^ ( 21) 

where q = e 2lTlT with r defined on the upper half-plane, y = e 27 ™ 2 and F = Fl — Fr with 
Fl {Fr) being the fermion number of left (right)-movers. Here the trace is taken over the 
states in the Ramond sector and the fermion parity operator in N = 2 theories is given by 

(-l) F =exp[z7r(J - Jo)], (2.2) 

where we have assumed as usual that the difference of the left and right U(l) charges is 
an integer [11]. In (2J.) though we have written q L o-°/ 24 explicitly to remind that we 



are dealing with the combined left and right-moving sectors the elliptic genus is of course 
independent of f by virtue of supersymmetry of the Ramond sector. Setting z = in ( |2~l| ) 
we have the Witten index 

Z(r,0) = l>(-1) F , (2.3) 
which may yield the Euler characteristic of the target manifold if the theory admits a 



sigma model interpretation [12|. 



Now the fundamental properties of the elliptic genus are summarized. First of all the 
spectrum of the Ramond sector is symmetric under charge conjugation. Hence 

Z(t,z) = Z(t,-z). (2.4) 

We next discuss the modular property of the elliptic genus. Since the trace is taken over 
the Ramond sector with (— 1) F insertion the boundary condition for the elliptic genus is 
invariant under the SX(2, Z) transformations. Thus under r — ► r + 1 it follows that 

Z(r + l,z)=Z(r,z), (2.5) 
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whereas under r — > — 1/r 

Z(-l/r, z/t) = e 2-(£/2)(. 2 /r) Z ( T5 z ) ) (2.6) 

where we have set c = c/3 and the z-dependence is fixed by the standard U(l) decoupling 
argument in N = 2 theories. Hence we find 

z (ar^ z_\ =e27ri{£/2)czV{cT+d)z fa b\ ^ 

Note that the choice a = d = — 1, b = c = gives charge conjugation symmetry (|2.4|) . 

Suppose that the U(l) charges of the chiral ring elements in the Neveu-Schwarz sector 
are multiples of 1/h. Then ch is an integer since the top chiral ring element has the U(l) 
charge c. We now wish to examine the periodicity with respect to the variable z. For this 



we invoke the spectral flow |13j which is the inner automorphism of the N = 2 algebra 

^ 2 

L n ~~ > L n + XJ n + —A S Uy o , 

svi: . /^i 
Lr r -> Cr r±A , 

where A is an arbitrary parameter. Since the U(l) charge is shifted by c/2 under the 
spectral flow to the Ramond sector we find for \x G hZ 

Z(T,z + ») = (-lf»Z(T,z). (2.9) 

Furthermore under the spectral flow (|2.8|) with A G hZ the Ramond ground-states are 
mapped onto themselves. This implies 

Z(T, Z + Xt) = (_l)^ e -2 7 r l (c/2)(A 2 r+2A,) z(r5 ^ _ ^ ^ 

Thus we obtain the double quasi-periodicity of the elliptic genus I 

Z(t,z + \t + ll) = (-iy( x +^ e - 2 ^ 6/2 ^ x2T+2Xz) Z(T,z), \fjtehZ. (2.11) 

To summarize, the properties Q2.7|) and ( [2.11|) together with the limiting behavior as 
r — > zoo characterize the elliptic genus (c./. ||15|1 ). In unitary theories the existence of 
liniT-^joo Z(t, z) is guaranteed. 



2 We note that the transformation equations ( |2.7j ) and ( 2.11| ) correspond to some of the 
defining properties of a Jacobi form of weight and index c/2 when c/2 G Z and h = 1 ^M . See 
also footnote below (5.19). 
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3. Examples of elliptic genus 

In this section we give some explicit examples of elliptic genera and see that they 
indeed satisfy the fundamental properties mentioned in Sect. 2. 

3.1. N = 2 minimal models 

The N = 2 minimal models with c = = 1, 2, ...) have been extensively studied in 



the literature [^6|. The elliptic genera of diagonal (A-type) theories were already obtained 
by Witten ||. To construct elliptic genera for the N = 2 minimal models in general we 
consider the (twisted) characters of the Ramond representations 

lL(r, z) = Tr K (-l)*V°- 3e/2 V° = Od 1 " X^ir, z) , (3.1) 

where Xm £ {0> • • • > k}-> s e { — 1> 0; 1? 2}, m E {—k — 1, . . . , k + 2}) are obtained through 
the branching relation || 

«;)^, 2 (r, «;-*) = ^ x^(r, z)0 m , fc+2 (r, u> - 2z/(k + 2)) , (3.2a) 

m= — k — 1 

X'(r^) = "' +1 f 2 "^- 1 ' fc+2 (r^) =: £ ^MW^) . (3.26) 

Pi, 2 — P-l " 



For definitions and properties of theta function see Appendix A. The explicit formula of 
xl£ can be found by use of (A. 4) as 

;&(T,Z) = ^ c ^^( T ) 9 (*+2)/(2*)[m/(*+2)-./2+^ 1/ m/(*+2)-./2+3i. (3.3) 

iez 

It is well-known that the N = 2 minimal model is constructed for each simply-laced Lie 
algebra of Coxeter number h = k + 2 through a choice of the Cappelli-Itzykson-Zuber 



matrix [I7| whose entries iV.V are non-negative integers satisfying 



u 

k 



iV n A n' ~ iN W ' 



(3.4) 

(/,•) _ v (/.-) 

4 - 



ly iT ~ U ' 11 4(fe+2) ^ 4(fc+2) l m ° d Z 



N () - = N 



where 

,(*)_ r^~ cin ^+ i )(^+ i ) 

k + 2 k + 2 

The elliptic genus for the N = 2 minimal model is then given by 



1 Y V (3-5) 



2(V) = -^ £ JvW4(t,z)4(t,0) 



Z,Z=0 m=-fc-l 

(3.6) 

k 

where we used I l m (r, 0) = 5 m ,z+i — 5 mj _;_i in the second equality. It is a straightforward 
calculation using the properties summarized in Appendix B to check ( |2.7[ ) and ( |2.11[ ) with 
h = k + 2. 

3.2. Landau- Ginzburg models 

Consider the N = 2 Landau- Ginzburg model JjJ || with an action 

J d 2 zd 2 6d 2 6XX + ( J d 2 zd 2 6W(X) + c.c.) , (3.7) 

where the superpotential W is a weighted homogeneous polynomial of N chiral superfields 
Xi, ■ ■ ■ , Xn with weights Ui, ■ ■ ■ , ujn, 

XW(X 1 , ■■■,X N ) = W(X^X 1: • • ■ , \ U »X N ) . (3.8) 

We assume that W has an isolated critical point at the origin and uVs are strictly positive 
rational numbers such that u>x, . . . ,u>n < \. Following Witten ||, the elliptic genus of the 
Landau- Ginzburg model can be computed as 

N 

Z(T,z) = Y[Z Ui (T t z), (3.9) 

i=i 

where 

z (r z) = „-(i-*">/a a-y 1 "") fr a-gV"") (wv^) 

^'^ » (l_ r) 11 (l- ? n r) (l_g» y -«) 

n_1 (3.10) 

= t?i(r,(l-u;)z) 
i?i(t,u;2) 



and #i(t, z) is one of the Jacobi theta functions. Using the theta function formulae (see 
Appendix A) it is easy to check the expected general properties (|2.7|) and ( |2.11|) of Z(r, z) 



with h being the smallest positive integer such that uiih G Z for all 1 < i < N. Note that 
the zero-mode part of the genus Z(ioo, z) is the generating function of the U(l) charges of 
the Ramond vacua. 

In 0, a remarkable connection between (|3.9| ) and some Ramond characters for the 
N = 2 algebra was pointed out. This relation was further elucidated in || by constructing a 
free field realization of the N = 2 superconformal algebra. Witten's construction using N = 
2 superfields actually coincides with the realization in terms of fi-'j-b-c earlier considered in 
flgfl . Let us introduce free fields 7$, bi, Ci of conformal weights (1, 0, 1, 0) with the OPEs 
given by (3i(z)'jj(w) ~ 8ij/(z — w) and bi(z)cj(w) ~ Sij/(z — w). Here we consider /?»,7i 
(bi, Ci) to be bosonic (fermionic). For each W one can associate a free field realization [|l8 
of the twisted N = 2 algebra i 

N 

J = 2J "(I ~ Ui)biCi + uji(3i^i , 

N 



G + = 2J 2(1 - uji)d^iCi - 2ui^idci 

N 

g- = y,^ » 

1=1 

N 



(3.11) 



These satisfy the twisted (topological) N = 2 algebra []19[ with c = | = ^=i(l — 
The screening charge Q = Q + L is defined by 

Q = j dzJ2^^-bi(z) , (3.12) 

which is a holomorphic piece of one of the supercharges Q + = Q +t R + Q+,l °f 
Landau- Ginzburg model. It is straightforward to check that Q commutes with the N = 2 



3 Although we describe the realization in twisted form for convenience, it is of course possible 
to obtain the standard N = 2 algebra by untwisting. 
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currents @. The genus ( |3.9|) can be identified with the index of Q on the Fock space 



index(Q) = Tr H [(-l) VV°~ £/2 ] , 



(3.13) 



where the fermion number F is (0,0,1,-1) for /3j,7i, &£, c%. Since the N = 2 algebra 
acts on the Q-cohomology space, the elliptic genus ( |3.9| ) should be expressed as a linear 
combination of the N = 2 characters. 

It is easy to see that the chiral primary states 0\vac), O G C[7]/<iVF are nontrivial 
Q-cohomology elements. If W is of A-type, the whole Q-cohomology space is generated 
by such chiral primaries over the N = 2 algebra, however, in general case, there are more 
generators than chiral primaries. For instance, in the D4 case we have Q = § dz[(jf + 
72)^1 + 2717262] and the Q-cohomology space is generated by the six generators 1, 71, 72, 
7ij 71/^2 + 72/3i + 2(ci&2 + C261) and 7162 — 72^1 over the N = 2 algebra. Each generator 
corresponds to the highest weight vector (annihilated by J±, G$ and Gf) in the irreducible 
decomposition of genus fl3lf), 



As conjectured by Witten 0, if the superpotential W is of ADE type, the elliptic 
genus must coincide with that of the corresponding N = 2 minimal model computed above 
( |3.6|) . This is so since (adopting the reasoning in ||15|| ) both the expressions of the elliptic 
genus satisfy the same Q2.7|) and (|2.11| ) and, as can be seen easily, possess the identical limits 
as r —>■ zoo. In the simplest non-trivial case k = 1 we can easily confirm this equality by 
an explicit calculation. Since we have I^t, z) = fi 3 (r, z/3) and (r, z) = fi 3 (r, —z/3), 
the elliptic genus ( |3~6| ) is given by Z(r, z) = fi 3 (r,z/3) + fi i3 (T, —z/3). Here we have 



Recently, some higher spin currents that commute with Q are also constructed in the classical 



Z D4 ( r , z ) = I X + Jf + If + 1 1 + It + I! ■ 



(3.14) 



introduced 




(3.15) 



limit [|0|. 



The meaning of the notation fi 3 will become clear later. 
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where the Dedekind 77 function is given by ij(q) = q 1 / 24 ]^[^° =1 (1 — q n ) and y = e 27rtz . On 
the other hand, as a result of the classical quintuple product identity, we obtain 

i± )3 ( r > *) + fi, 3 (r,-z) 

oo 

= *-* II C 1 + + 9 n y" l )(i - i 2n ~V)(i - ? 2n - 1 y- 2 ) 

n=l ( 3 - 16 ) 
1 - q n-ly*)(l - q"y-2) 



^ (I - q^yXl - q^y- 1 
thus proving Witten's conjecture in this particular case. 



4. Orbifoldized elliptic genus 

Now that we have deduced the general properties of the elliptic genus of iV = 2 SCFT 
and have seen some fundamental class of examples, in this section we wish to introduce 
a generic procedure, starting with the elliptic genera of untwisted theories, to compute 
the elliptic genera of a particular class of orbifold theories, i.e. the ones orbifoldized by 
e 2mj j n Neveu-Schwarz sector. This type of orbifolds have been intensively studied by 
string theorists since for c = integer it is equivalent to Gepner's method || of constructing 
space-time supersymmetric string vacua. 

4-1. Procedure to compute orbifoldized elliptic genus 

Suppose we are given an arbitrary N = 2 SCFT whose elliptic genus Z(r, z) satisfies 
( |2.7|) and (|2.11[ ). The contribution of the untwisted sector to the orbifoldized elliptic genus 
is apparently given by 

\t,z) = Z(t,z). (4.1) 









To describe the contribution of the twisted ct-sector projected by j3 we introduce 



( T , Z) = e 2-(£/2)a/? e 2^(c/2)(a 2 r+2 a2 ) z(r5 z + aT + fi^ a, (3 E Z . (4.2) 
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Definition ( |4.2|) is motivated by the fact that twisted sectors shouid be obtained by integrai 
amount of spectral flows. It follows immediately from (|4.2|) that 



{-l/r,z/r) = e 2 ^ 2 ^^ 



(r,z) 



(4.3a) 



(r + 1, z) = a+p 



(4.36) 



(r, z + Ar + n) = e 



2n:i(c/2)(a^-pX-\fi) e -2iri(c/2)(X 2 T+2\z) 



X 



(r, z) , A,/ieZ. (4.3c) 



a+A 



We now set 



(r, z) = e(a,/3) /3 



(4.4) 



and determine e(a, 0) by imposing 



(-l/r,z/r)=e 2 ^ £ / 2 )^/ T ) 



(4.5a) 



(t + 1, Z) = a+/3 



(4.56) 



(r, z) = /3 



(r, z) , A, |U G aZ 



a+A 



(4.5c) 



together with the condition e(0, 0) = 1. A possible solution we will choose in the following 
is 

e(a, (3) = (-l) D( - a+(3+aP) , (4.6) 
where D is some integer satisfying 



Dh = ch (mod 2) . 
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(4.7) 



It is obvious that the orbifoldized elliptic genus defined by 



^ h-l 
Z orb( r ^) = ^ 



a,/3=0 

obeys the same modular transformation laws as Z 
' ar + b cz 



(r,z) 



forb 



ct + d ' ct + d 



(4.9) 



Furthermore, as a consequence of (|4.3c| ), Z QX ^ enjoys the same double quasi-periodicity as 
Z: 

Z Qrb (r, z + At + y) = (-lf( x +^ e -2^(c/2)(x^+2Xz) Z QTh ( T , z) , A, y E hZ . (4.10) 
If c is an integer we can take D = c and in this case we have a stronger quasi-periodicity 



Z nrb (r, Z + AT + fj) = (-lf(^) e -2-(c/2)(A 2 r+2A 2 ) z , 



(4.11) 



for any integers A and \i. This shows that after orbifoldization only integral (half-odd 
integral) charges survive in the Ramond sector if c is even (odd). Later we will investigate 
the case c =integer in more detail. 



4-2. Orbifolds of N = 2 minimal models and their tensor products 

The elliptic genus of the Zh=fc+2 orbifold of the N = 2 minimal model is given by 



k+l 1 k k+2 



Z orb( r ' 2 ) /; 



(4.12) 



a, /3=0 (,l=om=-fc-l 



Using the properties of I l m {r, z) it is easy to see that Z Qrb (r, z) = —Z(t, z) which is the 
well-known self-duality of the N = 2 minimal model. It is also not difficult to rewrite this 
expression using the formulae in Appendix B as 



^orb( r ' z ) 



, k+l 



a+/3+a(3 



a,p=0 



(r,z) 



(4.13) 



which is in agreement with ( Of ) since we can choose D = 1 



The elliptic genus of tensor products of the N = 2 minimal model is obviously given 

by 

Z(r,z) = f[ £ N$% +1 [t,z). (4.14) 
Then the elliptic genus of its orbifold turns out to be 

z a*(r>*) = i E fl^ E E ei mi+a) Xt )j -^^4 +2 a(r 5 o), (4.i5) 

ce,/3=0i=l l u l i= Qmi = -ki-l 

where ^ = e 2 W( fc i+ 2 ) aric [ ^ = LCM(/ci + 2, . . . , k r + 2). This expression can also be 



rewritten in the form (4^) with D = r. 



4-3. Landau- Ginzburg orbifolds 

One obtains the elliptic genera of the Landau-Ginzburg orbifolds by simply sub- 
stituting (|3.9|) into (F03). Explicitly we have 



n h-1 N 

Z Qrb (r, z) = j- e K /3)e 27r ^ a / 2 ) Q/3 e 27ri(£ / 2 ) (a2r+2a2) J] (r, z + ar + (3) . (4.16) 

a, ,9=0 i=l 

As a non-trivial check of our formalism we now evaluate the Witten index of the Landau- 
Ginzburg orbifolds. For this purpose it suffices to know 

T?i(r,(l-u; i )(ar + /3)) = 
t?i(r, w,(ar + /3)) 

(-l) Q+/3 (-l)e 27r ^ a/3 e- 27ri i (1 - 2 ^ )a2r , ifi£S a/3 , (4.17a) 

^i(r,(l-^)(z + ar + /?)) = 
z^o '& 1 {T,u i (z + ar + (3)) 

(_ 1 )a+/3 e -2^i(l-2^)a 2 r 1^ ; if * G S a/3 , (4.176) 

where = {1 < i < N \ Uia E Z and Ui(3 G Z}. So the Witten index is given by 

VbM) = r E (-i)^(-i)^^^ n f 1 " 1 ) • ( 4 - 18 ) 



a,/3=0 iES a 



If c is an integer we can take D = c as mentioned before, and hence we recover Vafa's 
formula || for the Euler characteristic of the target manifold up to an irrelevant factor 

(-!)"■ 

Starting with the expression of Z(r, z) in terms of t?i (see ( |3.9|) and ( |3.10| )) it is also 
straightforward to evaluate the limit 



lim p 



[T, Z) 



-l)^(-l)(D+N)( a+ p +a p) exp (^_ 2mz (( Wi a))) 



X 



n 



sin7r{(c<;i — l)z + iVi/3} 
smn{ujiz + u>iP} 



(4.19) 



where ((x)) = x — [x] — h and we can easily check the consistency between ( |4.18| ) and ( f4.19| ). 
It is also instructive to compare (|4.19 ) with the Poincare polynomial for the twisted sector 
||, which is left to the reader. 



5. Elliptic genus for manifolds with SU(N) holonomy 

In this section we take c = integer and consider the case in which the charge integrality 
in the Neveu-Schwarz sector is already imposed. The N = 2 theory will then describe a 
complex manifold with SU(c) holonomy and clearly its elliptic genus must satisfy ( |2.7| ) and 
( [2. 11|) with h = 1. Once we obtain the expression of the elliptic genus with this property 
we can compute the elliptic extension of the A (Dirac genus), a (Hirzebruch signature) 



and x (Euler characteristic) genera |T0[ defined by 

i = ( f/ 8 Z(T, (r + l)/2), 

a = Z(r,l/2), (5.1) 
X = Z{r,0). 

As we have seen in Sect. 4, there is a systematic way to construct the elliptic genera 
satisfying (|2.7|) and (|2.11|) with h = 1. In particular, considering the elliptic genera of 



Landau- Ginzburg orbifolds we obtain milliards of concrete, but in general complicated, 
expressions in terms of the Jacobi theta function $i §. Instead in the subsequent Sect. 5.1- 



5.3 we follow the methods in |T(| to calculate the elliptic genera for c = 1, 2 and 3 getting 



6 Although these expressions are of theoretical interest, they may not be appropriate for the 
practical purpose of computing expansions in q and y since they involve double summations over 
a and f3. 
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simple expressions which reflects the fact that the elliptic genus is a topological invariant. 
The expressions so obtained and the ones in terms of Landau-Ginzburg orbifolds share the 
same modular and double quasi-periodicity properties and hence they must coincide if the 
r — ► zoo behaviors match@. While at present we do not have similarly simple expressions 
for c > 3, it is possible to deduce general properties of the elliptic genus with c = integer 
and h = 1, and to see the results in Sect. 5. 1-5.3 in this light. This will be done in Sect. 5. 4. 

Finally, in Sect. 5. 5 we give a sigma model expression of the elliptic genus and examine 
its properties. 

5.1. c = 1 Models 

For c = 1 the corresponding one-dimensional manifold is the complex torus. The 
Landau-Ginzburg models for c = 1 are classified as the simply elliptic singularities with 
the superpotentials 

E 6 : W = Xf + Xf + Xi + sX x X 2 Xz , 

E 7 : W = Xf + X\ + Xl + sX\x\ , (5.2) 
E 8 : W = Xf + Xl + Xl + sXfX 2 , 

where s is the marginal coupling constant. Since the elliptic genus is independent of s for 
it is a topological invariant the elliptic genus may be evaluated from the tensoring models. 
To the Eq, E-j and E% models there correspond the tensoring models l 3 , 2 2 and 1 • 4, 



respectively. We then calculate the elliptic genus based on the method developed in fllC 
and find that the elliptic genus vanishes identically. This agrees with the fact that the 
Hodge numbers for the complex torus are h 1 = h 0,1 = h 1,0 = h ' = 1, and hence the 
Euler characteristic vanishes. 



5.2. c = 2 Models 

It is well-known that the list of two-dimensional complex manifolds with 577(2) holon- 
omy is exhausted by the complex two-tori and the K3 surface. For the tori the elliptic 
genus again vanishes, and thus the K3 surface is the only non-trivial example. Fortunately 

1-7 

We have checked this by computer in several cases. 
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the elliptic genus for the K3 surface has already been calculated in [10]. What is left to 
us is to recover the ^-dependence in their expression. After some algebra we find 

Z (T ,^ 2 4(^) 2 - 2 ^i(^i)) 2 , (,3) 

where rj = ?y(r) and t? a = $ a (r, z = 0) are theta constants for a = 2,3 and 4. One can 
easily check that ( |5.3| ) satisfies ( |2.7| ) and ( |2.11j ) with h = 1 . 

Substituting ( |5.3| ) into ( |5.1| ) and making g-expansions we obtain i 

A = 2q" 1 / 4 (-1 + 20q 1 / 2 + 62q + 216g 3/2 + 641q 2 + 1636g 5/2 + •••), 

a = 16(1 + 32q + 256q 2 + U08q s + 6U4q 4 + 22976q 5 + •■■), (5.4) 

24. 



X 

Some coefficients of the double expansion of ( |5.3| ) with respect to q and y = <■ 
obtained as 



2iriz 



are 



y 



y~ 2 


y- 1 


y° 


y 1 


y 2 




2 


20 


2 




20 


-128 


216 


-128 


20 


216 


-1026 


1616 


-1026 


216 



(5.5) 



5.3. c = 3 Models 



In c = 3 iV = 2 theories with the charge integrality imposed there exist extra spin 
3/2 (=c/2), U(l) charge ±3, chiral currents which together with the N = 2 U(l) current 
generate the c = 1 N = 2 algebra f2~lf] , [ i~0| . Consequently the basic conformal blocks of 
modular invariant, which are called flow-invariant orbits in ||1G|| , are decomposed in terms 
of the c = 1 iV = 2 characters. It is crucial to note that these c = 1 iV = 2 characters 
represent the U(l) decoupling pieces of c = 3 iV = 2 theory. Based on this fact the flow 
orbits have been classified according to the symmetry property under charge conjugation 
TIJ. This result is sufficient for us to evaluate the elliptic genus. We find 



Z(t, z) 



T, 



(5.6) 



where h > and h 2,1 are Hodge numbers of a Calabi-Yau threefold Ai and fi 3 was defined 
in ( p.!5| ). It is an immediate exercise to confirm that the properties ( |2.7| ) and ( |2.11| ) with 
h = 1 are respected by ( |5.6| ) . If we let z = in ( p.6| ) we get the Euler characteristic of M. 

Z(t, 0) = Tr(-1) F = 2{h 1 ' 1 - h 2 ' 1 ] 



X(M) 



(5.7) 



thanks to the Euler pentagonal identity. 



In eq.(3.6) of [10| the coefficient 34 should read 32. 
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5.4- General Models 

We now wish to point out that, as suggested by the U(l) decoupling argument, the 
elliptic genus in the case where c=integer and h = 1 can be decomposed as 

a/2 

Z(r,z)= h m{r)f m ,c{r,z), (5.8) 

m=-£/2+l 

where we have introduced the coefficient functions h m (r) and the U(l) theta functions 
fm,c{T 1 z) whose properties are discussed below. 

First let us examine f m ,c- It is defined for c integral and for m G c/2 + Z by 

/m g(T) z) = -L ^(_l)2n 9 (6/2)(n+m/c) 2 y c(n+m/c) _ (5 g) 

' riez 

We see immediately that 

fm+ca,c( T i Z ) = (-l) £a /m,c(r, CL G Z , 

Thus for m = c/2 

/c/2,c(r,-z) = (-l)7 £/2i£ (r, Z ). (5.11) 

Notice that for c even 

/m,e(r, z) = J-0 8/2 ( r , 2z) , (5.12) 

where m ,fc(T, z) are the level-/c 577(2) theta functions (A.l). 

The functions (p.9|) are doubly quasi-periodic with respect to z 



(5.10) 



/ m> fi(r, z + At + = (-l) £ ( A +^e- 2 -( £ / 2 )( A2T+2A ^/ m ,c(r, z) , (5.13) 



where A, /x G Z. Notice that this is exactly the same as ( |2.11 ) with fa = 1. The modular 
property of (|5.9|) is deduced as follows: under r — > r + 1 



f m ,t(T + 1,*) = f^'W-WfmAr, z) , (5.14) 

while under r — > — 1/r 

/ m , e (-l/r, z/r) = e^X'Vr) £ B^)f m ,^ z) , (5.15) 

ra'=-c/2+l 
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where 



B 



(c/2) 



: exp 



2ni- 



. mm 



(5.16) 



We next turn to the functions h m (r). First, in view of (275) and ( |5.1U| ), it follows that 



hm{T) = h- m (r) 



(5.17) 



for \m\ < c/2 — 1. In addition h a / 2 ( T ) — for c odd because of ( |5.11|) . The modular 
transformation (|2.7|) of the elliptic genus is realized if /i m (r) obey 



h m (r + l)=e- 2 ^ m2 /^- 1 /^h m (r) 



c/2 



hm(-l/r)= Yl B ^*hmir) 

m'=-c/2+l 



(5.18) 



Notice that the property /i c /2( 7 ") = for c odd is preserved under modular transformations. 
Define 



1 m 2 
m = 24 ~ 22 ' 



(5.19) 



Xp = J2(-l) p+q h p > q , p = 0,1, 2, ...,c, 

q=0 

where h p,q are the Hodge numbers of the corresponding manifold M. with SU(c) holonomy. 
Inspecting the r — > zoo behavior of jmfiij-, z) and the Ramond vacuum charge configuration 
we find that the g-expansion of h m (T) takes the form 



h m {r) = Xm+c/2 H , 

where the ellipsis contains the terms with powers A m + Z >0 ®. Then we obtain 



(5.20) 



£-1 



hm Z(r, z) = X P y~ £/2+P + Xa y m + Xo V~ m 



T rlOO 



(5.21) 



P =i 



where we have used the Poincare duality xa = Xo an d, for c odd, Xc = Xo = 0. The Witten 
index may be evaluated as 



Tr 



(-1) F = hm Z(r,0) = X> P = J2 (-1) P+ ^ P ' 9 = X(M) . 



(5.22) 



p=0 p,q=0 



Because of the property that A m — 1/24 < for m/0 our elliptic genus is not quite a Jacobi 



form which is studied in [14|. 
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Thus ( |5.8|) has the desired property of the elliptic genus if /i m (r) are subject to (|5.17| )- 

Let us examine (|5.8|) for c = 1, 2 and 3. First, for c = 1, we have only m = 1/2, and 
hence the elliptic genus vanishes in agreement with our previous observation in Sect. 5.1. 
Next we notice for c = 2 that / m ,i(r, z) reduce to the level-1 SU{2) Kac-Moody characters 
for the highest weight representations with isospin (m = 0) and 1/2 (m = 1). The SU(2) 
characters appear since, under the charge integrality condition, the c = 2 N = 2 theories 
exhibit enhanced symmetry of the N = 4 superconformal algebra which contains the SU(2) 
algebra as its sub-algebra. The value c = 2 is the lowest allowed value corresponding to 



the level-1 SU{2) algebra in the N = A unitary representations [22]. We can read off ho(r) 
and hi(r) from (|5.3|) . The result is 



and 



= (20 + 196q + 1380q 2 + 6200q 3 + 23400q 4 + 76220q 5 + • • ■ ) 



= q~&(2- 130q - 900q 2 - 4350g 3 - 17020? 4 - 57344g 5 + • • • ) 



(5.23) 



(5.24) 



where Q m ,\ = 9 mj i(r, 0). One checks easily ( j5.18|) as well as (|5.20|) with ( ^.19|) since 



h 1 * 1 = 20, /i 2 ' = /i 2 ' 2 = 1, h 1 ' = h 1 ' 2 = for the K3 surface. Finally, turning to the 
c = 3 case, we find that the 3x3 matrix B^^)* in ( |5.18| ) has an eigenvector *(1, 1, 0) 
with the eigenvalue unity. Thus we take 

(/i_ 1/2 (r), h 1/2 (r), h 3/2 (r)) = (h 1 ' 1 - h 2 ' 1 )^, 1, 0) , (5.25) 

which obviously satisfy (|5.17| )-( |5~20|) . The result indeed agrees with ( |5.6|) in Sect. 5. 3. 

5.5. Sigma model expression 

Let M. be a c dimensional Kahler manifold and denote the total Chern class of M. by 



c c 

c(o=E c ^)=n( i+ o), 



(5.26) 



where £j are the skew eigenvalues of the curvature two form ^TZ a i [p3| - We propose the 
following formula0 as a sigma model expression of the elliptic genus for Ai: 



Z(t,z) = / G(r,z,0, (5-27) 

J M 

where 

Note that in ( |5.27| ), only homogeneous terms of degree c in £j survive when integrating 
over .M. The modular properties and double quasi-periodicity of G are given by 



G 



ar + b z £ 



CT + d CT + d CT + d 

= e^i^iOcz/icr+d) ( cr + d yc e 2ni(c/2)cz*/(cT+d) G ^ ^ ^ ? 

(5.29) 

G(T, Z + \t + H,£) = e~ 2nlC i(€)>(_l)^+M) e -2^(c/2)(A 2 r+2A,) G(rj ^ q ? 



where ci(£) = S?=i £j * s the first Chern class. 

Thus we observe that whenever the first Chern class does not vanish the elliptic genus 
( |5.27|) suffers from the global anomaly |25j while if Ai has SU(c) holonomy, then, by 
virtue of ci(£) = 0, ( |5.27| ) now satisfies (|2.7| ) and (|2.11|) with h = 1. This result is in 



accordance with the long supported anticipation that a sigma model, whose target space 
is a Kahler manifold with vanishing first Chern class, allows a description as N = 2 SCFT. 
By substituting ( |5.27j ) into ([5J]) we find again by use of ci(£) = that 

Jm l\ Mr, fe) & " ? Jm l\ sin *y " ' ' 

.n^W^jJsV-. (5 - 30) 



*= /..ru 

i=i 



j > 

A4 



10 



See [24 1 for a similar expression. 
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In (|5.30| ) we discern the classical expressions in the first terms of g-expansions. The results 
for the K3 surface in Sect. 5. 2 agree with ( |5.27| ). 

Finally we wish to point out that there exists another expression of ( |5.27[ ) in terms of 
Dirac determinants on the two-dimensional torus. We have0 

C(r z P\ = 17 D<(9 + ^)Det(a + ^) 

1 ' V f} 1 Det'(d + Z j )Det , (d + Z j ) 

(5.31) 

_ -e/2 tt D<(0 + &)Det(0 + &) 



n Det'idd + Zjd + Zjd + Z 



2) ' 

3 > 



where all the determinants are evaluated with periodic-periodic conditions except for Det'., 
for which we assume periodicity in the space direction but a twisted boundary condition by 
e 2-wiz j n time direction. In ( |5.31|) the primes over determinants represent deletion of the 
eigenvalues corresponding to the zero eigenvalues of d and 5 operators. This representation 
should be understandable via a path integral approach. 
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Appendix A. Properties of theta functions 

For a positive integer k theta functions of level k are defined by 



e m , k {T,z) = Y.<i k{n+m)2 y k{n+ ^ '■ 



(A.l) 



m = —k + 1, . . . , k , 

where q = e 27FlT and y = e 27Tlz . They transform under modular transformations as 

e m , k (r + l,z) = e 27 "^# m , fc (r, z) , (A.2a) 

k 

^ )fc (-l/r,z/r)=e 2 ^ 2 /4r) ( _ zr) i/2 £ B^ m ,e m ,, k {r,z) , (A.26) 

m' = -k+l 

O m ,k{T, -z) = 6- m ,k{r, z) , (A.2c) 



ii 



See the second reference by Schellekens and Warner for more details. 



-19- 



where 

r>(k) 1 —nimm'/k 

mm' fFTT 

y Ik 

The following is a slight extension of the usual multiplication formula, 

Om,k( T i z )9m',k'(T, z') = 

^ #mfc' -m' k+2kk' j,kk> (fc+fc')( T ' U )@m+m'+2kj,k+k'(T, v) 

jez/(k+k')z 

where it = (2; - z')/(A; + fc') and v = (kz + k'z')/(k + k'). 
The Jacobi theta function $i(t, z) is defined by 

Mr,z) = -i(9i,2-9-i,2)(T,z) = i J2(-^) n Q hin ~ h)2 y n ~ h 



00 

1 1 



= iqsy-z J](l - - q n - l y)(l - q n y~ l ) , 

n=l 

and satisfies the modular transformation laws 

7?i(r+l,z) = e 2 ^ (1/8 Vi(r, z) , 
0i(-l/r, z/t) = (-zt) 1 /^ 277 ^ 1 / 2 )^ 2 /^^!^, z), 
^(t, -z) = -t? 1 (t,z), 
as well as the double quasi-periodicity 

tfi(r,z + aT + /?) = (-l) a+/3 e - 2 ^ (1/2)(a2+2a2) ^i(r, z), a,/3 G Z 
As a function of z, $i(t, z) has no poles but has simple zeros: 

j?i(r,ar + /3) = 0, a, (3 e Z . 
The remaining Jacobi theta functions are defined by 



1 „2 

y 

nEZ 



Tl 

' 771 



Appendix B. Basic properties of I n 

Here we summarize basic properties of I m : 



lL(T + l,z)=e^-^/^I l m (TiZ)i (B.la) 

4(-l/r,./r) = (-z)e 2 -^)^/^)^ £ ^i(r )Z ), (B.16) 

Z'=0 m'=-fc-l 

4(r, -*) = -jL m (r, s) = /fc£_ m (T, z) , (B.lc) 

Z ) = / m+2(fc+2)z( r ; Z ) > ( B - ld ) 

I l m (T, Z + aT + (3) = (-iy+P^i^^iim^r^az)^^ ^ ? Q/ ? /3 £ Z , 

(B.le) 

where = + | (mod Z) in flBlfl). 
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